CHAPTER

Rational
Functions

Why does the lens on a camera need to
move to focus on objects that are nearer
or farther away? What is the relationship
between the travel time for a plane and
the velocity of the wind in which it is
flying? How can you relate the amount of
light from a source to the distance from
the source? The mathematics behind

all of these situations involves rational
functions.

A simple rational function is used to
relate distance, time, and speed. More
complicated rational functions may be
used in a business to model average costs
of production or by a doctor to predict
the amount of medication remaining in

a patient’s bloodstream.

In this chapter, you will explore a variety
of rational functions. You have used

the term rational before, with rational
numbers and rational expressions, so what
is a rational function?

Key Terms
rational function point of discontinuity
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To become a chartered accountant (CA), you
need education, experience, and evaluation. A
CA student first completes a bachelor’s degree
including several accounting courses. Then,
the CA student works for a chartered firm
while taking courses that lead to a final series
of examinations that determine whether he or
she meets the requirements of a CA.

Why should you do all this work? CAs

are business, tax, and personal accounting
specialists. Many CAs go on to careers in senior
management because their skills are so valued.

To learn more about a career as a chartered accountant, go
to www.mcgrawhill.ca/school/learningcentres and follow
the links.




Exploring Rational Functions
Using Transformations

Focus on...

e graphing, analysing, and comparing rational functions using transformations and using technology
e examining the behaviour of the graphs of rational functions near non-permissible values

The Trans Canada Trail is a system of 22 000 km of linked trails that passes
through every province and territory and connects the Pacific, Arctic,

and Atlantic Oceans. When completely developed, it will be the world’s
longest network of trails. Millions of people walk, run, cycle, hike, canoe,
horseback ride, snowmobile, and more on the trail.

If you cycle a 120-km section of the Trans Canada Trail, the time it takes

is related to your average speed. Cycling more quickly means it takes less

time; cycling more slowly means it takes more time. The relationship

between the time and the average speed can be expressed mathematically

with a rational function. What does the graph of this function look like? rational function

e afunction that can be
written in the form
flx) = P) where p(x)
q(x)’
and g(x) are polynomial
expressions and g(x) # 0

e some examples are

100 + 2
y="52.Cn="20 4,
_3x*+4

andf(x)_—x_5

Trans Canada Trail at Kettle
Valley, British Columbia

Did You Know?

Some sections of the Trans Canada Trail are based on long-established routes of travel, such To learn more about
as the Dempster Highway in Northern Canada. This narrow gravel road is over 500 km long the Trans Canada
and connects Dawson City, Yukon Territory, with Inuvik, Norhwest Territories on the Mackenzie Trail, go to www.
River delta. The route is based on an old First Nations trading route dating back to the last ice mcgrawhill.ca/school/
age. This corridor was ice-free during that period and is believed by many to be a route used learningcentres and
by the first people in North America. follow the links.
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Investigate Rational Functions

" A: Relate Time and Speed Materials

1. a) Copy and complete the table of values giving the time to * graphing technology
cycle a 120-km stretch of the Trans Canada Trail for a variety
of average speeds.
Average
Speed (km/h)
Time (h)

1 2 3 45 6 8 10 12 15 20 24 30 40

b) What happens to the time as the average speed gets smaller and
smaller in value? larger and larger in value?

2. a) Write an equation to express the time, ¢, in hours, as a function of
the average speed, v, in kilometres per hour.

b) Is the value zero a part of the domain or the range in this
situation? Explain.

3. a) Graph the function.
b) How does the shape of the graph relate to your answer to step 2b)?

¢) What does the graph show about the time to cycle a 120-km
stretch of the Trans Canada Trail as the average speed gets
closer to zero?

Reflect and Respond
4. a) How is the relationship between average speed and time
connected to the shape of the graph?
b) Does the graph of this function have endpoints? Explain.

a
X—h

5. a) Graph the functions y = %, y = %, and y = % using technology.

B: The Effect of the Parameters a, h, and k on the Function y = + k

b) Describe the behaviour of these functions as x approaches zero.

¢) What happens to the values of these functions as |x| becomes
larger and larger?

d) Compare the graphs. For any real value a, describe the

relationship between the graphs of y = % and y = %.
6. a) Graph the functions y = % and y = ﬁ + 2.

b) Compare the graphs. How do the numbers in the transformed
function equation affect the shape and position of its graph
relative to the graph of the base function y = %?

¢) What function from step 5 has a graph that is congruent to the

graph of y = ﬁ + 2? Why do you think this is?
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12
x+1

7. a) Predict the effects of the parameters in the function y = —
Graph the function to check your predictions.

b) Which function from step 5 has a graph that is congruent
to the graph of this function? How are the equations and
graphs connected?

Reflect and Respond

8. Are the locations of the asymptotes of the function y = % affected if
a vertical stretch by a factor of a is applied to the function? Explain
your thinking.

9. a) Can you tell from the equation of the transformed rational

function y = —%— + k where its graph has a vertical
b

asymptote? Explain.
b) Describe how the values of a function change as x approaches a
non-permissible value.
¢) What non-translated function has a graph that is congruent to
7
without technology using this relationship?

the graph of y = + 67 How might you graph y = rﬁ -+ 6

Link the Ideas

l Did You Know? The rational function that relates speed to time for a given distance is

i related to the base function y = 1 by a vertical stretch.
The equation of the X

function y = % is

: The graph of a rational function of the form y = £ represents a vertical
equivalent to xy = a. X

The equation xy = a stretch by a factor of a of the graph of y = 1, because y = 4 can be
shows that for any 1 X X

point on the graph, written as y = a(g).

the product of the

x-and y-coordinates Graphs of rational functions of the form y = % have two separate

is always equal to a.

branches that approach the asymptotes at x = 0 and y = 0.

Example 1
Graph a Rational Function Using a Table of Values

Analyse the function y = % using a table of values and a graph. Identify

characteristics of the graph, including the behaviour of the function for
its non-permissible value.
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Solution , _
The equation of the function can be
Select values of x that make it easy to calculate rearranged to give xy = 10. How might this
10 form be used to generate ordered pairs for

the corresponding values of y for y = X the table and points on the graph?

Why is the function undefined when x is zero?

X v YA
As| x approaches|0
s}
—-100 —0.1 = from the right,
-20 -0.5 \ v > Qand |y| is very large.
-10 -1 A \
-5 -2 5
-2 -5 N\ v=10
-1 -10 N -
—-— Why does |y| get larger
-05 -20 g as the values of x
< N
_01 —100 _ 10 5 0 3 10 | x approach zero?
0 undefined T > What happens to the
N values of y as |x|
01 100 \\ becomes very large?
0.5 20 \ -5
1 10 \
As|x approaches 0 \
2 &) from the left, \ 4
2 y < 0and |y is verylarge. | ©
10 1 v
20 0.5
100 0.1

For this function, when 0 is substituted for the value of x, the denominator
has a value of 0. Since division by 0 is undefined, 0 is a non-permissible
value. This corresponds to the vertical asymptote in the graph at x = 0. As
the values of x approach zero, the absolute value of y gets very large.

Summarize the characteristics of the function using a table.

L. _10
Characteristic V=~
Non-permissible value x=0 .

) o Did You Know?
Behaviour near non-permissible value As x approaches O, |y| becomes very large.

End behaviour As | x| becomes very large, v approaches 0. In Pre-Calculus 11,

. you graphed and
Domain {x| x#0, xeR} analysed rational
Range {v|y+0,yeR} fun'ctlons that.are

reciprocals of linear or
Equation of vertical asymptote x=0 quadratic functions:
Equation of horizontal asymptote y=0 Y= ﬁ where
X
f(x)#0.Inthis chapter,
Your Turn you will explore
. . rational functions
Analyse the function y = % using a table of values and a graph. P e raitors and
Identify characteristics of the graph, including the behaviour of denominators that are
the function for its non-permissible value B = Dinomials,
p ’ or trinomials.
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You can sometimes graph and analyse more complicated
rational functions by considering how they are related by
transformations to base rational functions.

To obtain the graph of a rational function of the form y = Lh + k from
X p—

the graph of y = %, apply a vertical stretch by a factor of a, followed by
translations of h units horizontally and k units vertically.

e The graph has a vertical asymptote at x = h.

e The graph has a horizontal asymptote at y = k.

e Knowing the location of the asymptotes and drawing them first
can help you graph and analyse the function.

Example 2
Graph a Rational Function Using Transformations

Sketch the graph of the function y = % — 3 using transformations,

and identify any important characteristics of the graph.

Solution

Compare the function y = % — 3 to the form y = —2 A + kto
determine the values of the parameters: a = 6, h = 2, and k = —3.

To obtain the graph of y = % — 3 from the graph of y = %, apply a

vertical stretch by a factor of 6, and then a translation of 2 units to the
right and 3 units down.

_6
xX—2
from their original locations of x = 0 and y = 0. Therefore, the vertical
asymptote is located 2 units to the right at x = 2, and the horizontal

The asymptotes of the graph of y = 3 translate in the same way

asymptote is located 3 units down at y = —3.
yaN ih
11
V=576 ‘\ How can you use the
\ \ asymptotes to help you sketch
4 the graph?
> \ 6 How might considering ordered
~_, VI . 6
- — pairs for y = X help you graph
i g
- 6 4= 2 A, 6 8 X y=—5__3
~ [ X—2
’[ el What happens to |y| as the
| V=3 values of x approach 2?
6 N
IT%CEe ° What happens to the values of
= v as | x| becomes very large?
\ X=2
y




Summarize the characteristics of the graph using a table:

Characteristic y= xE >~ 3
Non-permissible value xX=2
Behaviour near non-permissible value As x approaches 2, |y| becomes very large.
End behaviour As |x| becomes very large, y approaches —3.
Domain {x| x#2 x€eR}
Range {viy+-3. yeR}
Equation of vertical asymptote X=2
Equation of horizontal asymptote y=-3
Your Turn

Sketch the graph of the function y = Xi-l-] + 5 using transformations,

and identify the important characteristics of the graph.

Example 3

Graph a Rational Function With Linear Expressions in the Numerator
and the Denominator

Graph the function y = 4;__ 25 . Identify any asymptotes and intercepts.
Solution

Method 1: Use Paper and Pencil
Determine the locations of the intercepts and asymptotes first, and then
use them as a guide to sketch the graph.

Find the y-intercept of the function by substituting 0 for x.

_4x—5
T ox—2
_ 4(0)—5
T 0-2
y=25

The y-intercept occurs at (0, 2.5).

Find the x-intercept of the function by solving for x when y = 0.

_4x—5

T ox-—2

4x —5

T ox-—2
4x —5
(x=2)0) = (x - 2)(X=2)

0=4x-5

x =1.25

The x-intercept occurs at (1.25, 0).

Which of the characteristics
listed are related to each
other?

How is each of the
function's characteristics
related to the equation of
the function?
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Manipulate the equation of this function algebraically to obtain the form
a

y= 7 + k, which reveals the location of both the vertical asymptote
X —
and the horizontal asymptote.
_4x-5
x—2
4x—8+8—5
- X —2
= w Why is it necessary to change the numerator so
X—2 that it involves the expression (x — 2)?
_ 4(x—2) 3
Tox-—2 X—2
v=4+ ~—2 3 5 How is this form related to polynomial division?
_ 3
y=5x_3 +4

To obtain the graph of the function y = % + 4 from the graph of
y= %, apply a vertical stretch by a factor of 3, and then a translation of
2 units to the right and 4 units up.

Translate the asymptotes in the same way, to x = 2 and y = 4.

7N

How can considering the pattern

+--——t—1——t=— of ordered pairs for y = % help you

6
--------- 4
<\\ ] V= 4 ) )
) (0, 2.5) locate the points shown in green?

1
1 .
\ 111250 How are these four green points
Al - ) —> related to the symmetry in

. . 3>
4 X
4 2.0 ? 4 i the graph?
—21 1
)
]
—44 1
4 IX= 2
Y ]

Method 2: Use a Graphing Calculator
4x—5
xX—2
dimensions of the window so that all of the important features of the
graph are visible.

Graph the function y = using a graphing calculator. Adjust the

> i




Use the zero, value, trace and table features to verify the locations of the
intercepts and asymptotes. The graph of the function has

e a y-intercept of 2.5

¢ an x-intercept of 1.25

e a vertical asymptote at x = 2

e a horizontal asymptote at y = 4

Your Turn

2X+2

Graph the function y = —

. Identify any asymptotes and intercepts.

Example 4

Compare Rational Functions
. . _1 . 3
Consider the functions f(x) = et glx) = 2 10x 125" and

— 1
h =6- Lo

Graph each pair of functions.
¢ f(x) and g(x)
¢ f(x) and h(x)

Compare the characteristics of the graphs of the functions.

Solution

Graph the functions using a graphing calculator. Set the window
dimensions so that important features are visible.

f1(x)=

Ht\)|'—‘

—i5 b

> -0 » i

Rewrite the functions g(x) and h(x) algebraically to reveal how they
are related to the base function f(x) = % Then, use transformations to

explain some of the similarities in the graphs.
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-3 P |
80 = T Tox 7 25 hix) =6 - =745
- _ 3 _ 1
8(x) x_5) h(x) = Gaap O
_ 1 - _
glx) = 3((X — 5)2) h(x) flx+4)+6
g(x) = 3f(x — 5) To obtain the graph of h(x)

from the graph of f(x), apply a
reflection in the x-axis and a
translation of 4 units to the left
and 6 units up.

To obtain the graph of g(x)
from the graph of f(x), apply
a vertical stretch by a factor
of 3 and a translation of

5 units to the right.

Use the appropriate graphing technology features to verify the locations
of the asymptotes.

1 3 1

icti = — X)=————— h(x)=6—-———

Characteristic ) =33 9(X) =7 10x + 25 (x) (X + 4)

Non-permissible x=0 x=5 X=-4

value

Behaviour near As x approaches  As x approaches 5, |y| As x approaches —4,

non-permissible 0, |y| becomes becomes very large. |y| becomes very large.

value very large.

€nd behaviour As | x| becomes As |x| becomes very large, As |x| becomes very
very large, y v approaches 0. large, y approaches 6.
approaches 0.

Domain x| x#0,xeR} {x|x#5 x€eR} {x| x+ -4, xeR}

Range {vly>0yeR} {y|ly>0yeR] {yly<6,yeR}

Equation of vertical x=0 x=5 Xx=-4

asymptote

Equation of y=0 yv=0 y==6

horizontal

asymptote

The graphs have the following in common:

e Each function has a single non-permissible value.

e Each has a vertical asymptote and a horizontal asymptote.

e The domain of each function consists of all real numbers except for a
single value. The range of each function consists of a restricted set of
the real numbers.

* |y| becomes very large for each function when the values of x approach
the non-permissible value for the function.

Your Turn
Graph the functions f(x) = %, g(x) = (}{__713]2, and
h(x) =2+ S E— Compare the characteristics of the graphs.

x> +2x+1

438 MHR ¢ Chapter 9



Example 5 =
Apply Rational Functions

A mobile phone service provider offers several different prepaid

plans. One of the plans has a $10 monthly fee and a rate of 10¢

per text message sent or minute of talk time. Another plan has

a monthly fee of $5 and a rate of 15¢ per text message sent or

minute of talk time. Talk time is billed per whole minute.

a) Represent the average cost per text or minute of each plan
with a rational function.

b) Graph the functions.

¢) What do the graphs show about the average cost per text
or minute for these two plans as the number of texts and
minutes changes?

d) Which plan is the better choice?

Solution

a) Write a function to represent each plan.
Let f, and f, represent the average cost per text sent or minute used
for the first and second plans, respectively.

Let x be the combined number of texts sent and minutes used. x is a
whole number.

Calculate the average cost per text or minute of each plan as
the quotient of the total cost and the combined number of texts
and minutes.

Determine expressions for the total cost of each plan.

Total cost = monthly fee + (rate per text or minute)(combined number
of texts and minutes)
Total cost = 10 + 0.1x for the first plan
or
Total cost =5 + 0.15x for the second plan

Substitute each expression into the following formula:

total cost
combined number of texts and minutes

Average cost =

[(x) = 10+0.1x and f,(x) = 5 +0.15x Since x # 0, the domain becomes
X 2 X
the set of natural numbers.
b) Graph the two functions using technology.

Al

_10+0.1x
x

1(x)

Why does the graph

show only quadrant I?
- 540.15x

x

f2|:x:|
02

N30 | 20 300
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¢) Both functions have a vertical asymptote at x = 0, corresponding to
the non-permissible value of each function.

Although the data is discrete, the function that models it is
continuous. Therefore, the average cost function is only valid in the
domain {x | x € N). The average cost per text or minute is undefined
when x is exactly zero, but the average cost gets higher and higher
as the combined number of texts and minutes approaches the
non-permissible value of zero.

Both functions also appear to have a horizontal asymptote. The
average cost for each plan decreases as the combined number of texts
and minutes increases.

Rewrite the equations of the two functions in the form y = —¢ nt k
X —
so you can analyse them using the locations of the asymptotes:
10 + 0.1x 5+ 0.15x
fg = 00X ey 5 015x
fl(x)—ﬂ+01 fz()—§+015

The horizontal asymptote of the function f,(x) is y = 0.1, and the
horizontal asymptote of the function f,(x) is y = 0.15. The monthly fee
is spread out over the combined number of texts and minutes used.
The greater the combined number of texts and minutes becomes, the
closer the average cost gets to the value of $0.10 or $0.15.

d) To decide how to make a choice between the two plans, determine
when they have the same cost. The two functions intersect when
x = 100. The plans have the same average cost for 100 combined texts
and minutes. The first plan is better for more than 100 combined
texts and minutes, while the second plan is better for fewer than
100 combined texts and minutes.

10+0.1x
x

()=

5+0.15x
x

f2|:x:|=
Q.2

[100,0.2)

i | 20 300
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Your Turn

Marlysse is producing a tourism booklet for the town of Atlin,
British Columbia, and its surrounding area. She is comparing the
cost of printing from two different companies. The first company
charges a $50 setup fee and $2.50 per booklet. The second charges

l Did You Know?

Atlin is a remote
but spectacularly

$80 for setup and $2.10 per booklet.

a) Represent the average cost per booklet for each company as a
function of the number of booklets printed.

b) Graph the two functions.

c) Explain how the characteristics of the graphs are related to the
situation.

d) Give Marlysse advice about how she should choose a printing
company.

Atlin, British Columbia

beautiful community
in the northwest
corner of British
Columbia on the
eastern shore of Atlin
Lake. The surrounding
area has been used by
the Taku River Tlingit
First Nations people
for many years, and
the name Atlin comes
from the Tlingit word
Aa Tlein, meaning

big water.

Key Ideas

Rational functions are functions of the form f(x) = M, where p(x) and

q(x)

q(x) are polynomial expressions and g(x) # O.
Rational functions where p(x) and g(x) have no common factor other

than one have vertical asymptotes that correspond to the non-permissible
values of the function, if there are any.

You can sometimes use transformations to graph rational functions
and explain common characteristics and differences between them.

You can express the equations of some rational functions in an
equivalent form and use it to analyse and graph functions without
using technology.
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Check Your Understanding

Practise
1. The equations and graphs of four rational

functions are shown. Which graph
matches which function? Give reason(s) for
each choice.

A =2 -1 Bl = 2
C) =2 Dx)=2+1
a) A
2
R R R %
2
\14
\
A Z
b) iz
I\
Sl dal 2o 2 A
- ;
\
W
) VAL
A\
2
T
:—5\ »
DIEZREE-N 2 4 X
wJ
\
W
d) YA *
)
\
2
—
"—_n—\ 0 2 | 4 X
2
Al
|
VY
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2. Identify the appropriate base rational

function, y = % ory= %, and then use

transformations of its graph to sketch the
graph of each of the following functions.
Identify the asymptotes.

__1 _ 1
a)y_X+2 b y=1"3

- 1 _ 1
Ve VT ey

. Sketch the graph of each function using

transformations. Identify the domain and
range, intercepts, and asymptotes.

a)yzx-?-l
My=§+1
) y:XE4—5
d)y=-—3_1+3

. Graph each function using technology and

identify any asymptotes and intercepts.

) =527
=S
)=
9 =375

. Write each function in the form

a
Y= x—h
of any asymptotes and intercepts.
Then, confirm your answers by
graphing with technology.

+ k. Determine the location

a) y= 11X);|- 12
b) y = X-}i(- 8
. Graph the functions f(x) = iz,
80 = o g and hlx) = ﬁm -

Discuss the characteristics of the graphs
and identify any common features.



Apply 9. a) Write a possible equation in the form

7. Write the equation of each function in the y= px) that has asymptotes at x = 2
formy = —9%— + k. q(x)
x—nh and y = —3.
a) 1y b) Sketch its graph and identify its domain
4 and range.
2. c) Is there only one possible function that
meets these criteria? Explain.
Sl 4 20| 2| 4 ¥ 10. Mira uses algebra to rewrite the function
-2 y= % in an equivalent form that she
L4 can graph by hand.
-3
) 4 =
3 x="1
.= +2
3 x-1
B -+ +2
3 x=1
4- -3(x -7 +33
5 x=1
¢ .= _-3&-T), 33
3 x-1 x-1
i 23
4 S x=1
23
=" S
<) ZW
gl ! a) Identify and correct any errors in
! Mira’s work.
"""" T T T b) How might Mira have discovered that
< | | | > she had made an error without using
8.4 0h 14 | 8 X technology? How might she have done
TH so with technology?
Y : . . _ xX—2 .
) 11. a) Write the function y ox g4 n the
ZYy f =2 Lk
Pl | 7: | L orm y < I +
-4 -2 012 4 X b) Sketch the graph of the function using
4_/‘4 ! transformations.
--------- ik -8i . E. " 12. Determine the locations of the intercepts
1 . _ 3x —5
ol of the function y = 2x 13" Use a graph
3 i of the function to help you determine
' a the asymptotes.

8. The rational function y = x—7 71 k passes 13. The number, N, of buyers looking to buy a
through the points (10, 1) and (2, 9). home in a particular city is related to the
a) Determine the values of a and k. average price, p, of a home in that city by
b) Graph the function. the function N(p) = w Explain how

the values of the function behave as the
value of p changes and what the behaviour
means in this situation.
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14. A rectangle has a constant area of 24 cm?. 17. Ohm’s law relates the current, I, in

a) Write an equation to represent the amperes (A); th? voltage, V’ in volts
length, 1, as a function of the width, w, (V); and the resistance, R, in ohms (£2),
for this rectangle. Graph the function. in electrical circuits with the formula

b) Describe how the length changes as the I= % Consider the electrical circuit in

width varies. the diagram.

15. The student council at a large high school
is having a fundraiser for a local charity. Ba}tge\;y:
The council president suggests that they
set a goal of raising $4000.

a) Let x represent the number of students
who contribute. Let y represent the
average amount required per student to
meet the goal. What function y in terms
of x represents this situation?

b) Graph the function.

Bulb: Variable resistor:
15Q Xx ohms

A variable resistor is used to control the
brightness of a small light bulb and can
be set anywhere from 0 2 to 100 Q. The
total resistance in the circuit is the sum of

d) How would the equation and graph the resistances of the variable resistor and
of the function change if the student the bulb.

council also received a $1000 donation
from a local business?

¢) Explain what the behaviour of the
function for various values of x means
in this context.

a) Write an equation for the current,
I, in the circuit as a function of the

16. Hanna is shopping for a new deep freezer resistance of the variable resistor, x.

and is deciding between two models. One
model costs $500 and has an estimated
electricity cost of $100/year. A second
model that is more energy efficient costs

$800 but has an estimated electricity cost
of $60/year. ¢) Graph the function. What setting is

needed on the variable resistor to
produce a current of exactly 0.2 A?

b) What domain is appropriate for this
situation? Does the graph of the
function have a vertical asymptote?
Explain.

a) For each freezer, write an equation for

the average cost per year as a function
of the time, in years. d) How would the function change if the

circuit consisted of only the battery
and the variable resistor? Explain the
significance of the vertical asymptote
in this case.

b) Graph the functions for a reasonable
domain.

¢) Identify important characteristics of
each graph and explain what they show
about the situation.

d) How can the graph help Hanna decide
which model to choose?
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18. Two stores rent bikes. One charges a fixed
fee of $20 plus $4/h, and the other charges
a fixed fee of $10 plus $5/h.

a) Write equations for the average cost
per hour for each store as a function
of the rental time, in hours. Graph
the functions.

b) Identify key features of the graphs.
What do the graphs show about how the
average cost changes for different rental
times?

¢) Is one store always the better choice?
Explain.

Extend

19. A truck leaves Regina and drives
eastbound. Due to road construction, the
truck takes 2 h to travel the first 80 km.
Once it leaves the construction zone, the
truck travels at 100 km/h for the rest of
the trip.

a) Let vrepresent the average speed, in
kilometres per hour, over the entire trip
and t represent the time, in hours, since
leaving the construction zone. Write an
equation for v as a function of t.

b) Graph the function for an appropriate
domain.

¢) What are the equations of the
asymptotes in this situation? Do they
have meaning in this situation? Explain.

d) How long will the truck have to drive
before its average speed is 80 km/h?

e) Suppose your job is to develop GPS
technology. How could you use these
types of calculations to help travellers
save fuel?

20. Determine the equation of a rational

function of the form y = ax+b that has
c

X+ d

a vertical asymptote at x = 6, a horizontal
asymptote at y = —4, and an x-intercept
of —1.

21. For each rational function given, determine

the inverse function, f~!(x).

_x-3
3) S = x+1
_2Xx
b) f(x)—X_5 +4
22. State the characteristics of the graph of the
. X x—4
function y = X+ 2 t o

Create Connections

C1 Would you say that using transformations
with rational functions is more difficult,
easier, or no different than using
transformations with other functions that
you have studied? Give reasons for your
answer using specific examples.

€2 The owners of a manufacturing plant are
trying to eliminate harmful emissions.

_ 200 000p

They use the function C(p) = 00— p

to estimate the cost, C, in dollars, to

eliminate p percent of the emissions

from the plant.

a) What domain is appropriate in this
situation? Why?

b) Graph the function. How is its shape
related to the manufacturing context?

¢) Does it cost twice as much to eliminate
80% as it does to eliminate 40%?
Explain.

d) Is it possible to completely eliminate
all of the emissions according to this
model? Justify your answer in terms of
the characteristics of the graph.

C3 What are the similarities and differences

between graphing the functions
y=X33 +4andy=2Vx—-3 +4
without using technology?
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Y,

Analysing Rational
Functions

Focus on...

e graphing, analysing, and comparing rational functions

¢ determining whether graphs of rational functions
have an asymptote or a point of discontinuity for a
non-permissible value

The speed at which an airplane travels
depends on the speed of the wind in which
it is flying. A plane’s airspeed is how fast it
travels in relation to the air around it, but its
ground speed is how fast it travels relative to
the ground. A plane’s ground speed is greater if it flies
with a tailwind and less if it flies with a headwind.

Investigate Analysing Rational Functions

xt—x—2
x—-2

Near McClusky Lake, Wind River, Yukon

Materials 1. Consider the function y =
* graphing technology a) What value of x is important to consider when analysing this
function? Predict the nature of the graph for this value of x.
b) Graph the function and display a table of values.

c) Are the pattern in the table and the shape of the graph what you
expected? Explain.

2. a) What are the restrictions on the domain of this function?
b) How can you simplify the function? What function is it
equivalent to?
¢) Graph the simplified function and display a table of values. How
do these compare to those of the original function?

d) How could you sketch the graphs of these two functions so that
the difference between them is clear?

Reflect and Respond

x*—x—2
X—2

non-permissible value differ from the rational functions you have

looked at previously?

3. a) How does the behaviour of the function y = near its

b) What aspect of the equation of the original function do you think
is the reason for this difference?
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Link the Ideas

Graphs of rational functions can have a variety of shapes and different
features—vertical asymptotes are one such feature. A vertical asymptote
of the graph of a rational function corresponds to a non-permissible
value in the equation of the function, but not all non-permissible values
result in vertical asymptotes. Sometimes a non-permissible value instead

results in a point of discontinuity in the graph. point of
discontinuity
¢ apoint, described by an
Example 1 ) ordered pair, at which
; . ) ) . L. the graph of a function
Graph a Rational Function With a Point of Discontinuity is not continuous
2 .
Sketch the graph of the function f(x) = X=X+ 06 Analyse its * occurs in a graph of
x—3 a rational function
behaviour near its non-permissible value. when its function
can be simplified by
Solution dividing thg numerator
and denominator by
You can sometimes analyse and graph rational functions more easily by a common factor that

simplifying the equation of the function algebraically. To simplify the includes a variable

equation of f(x), factor the numerator and the denominator: * results ina single point

missing from the graph,

flx) = x> —5x+6 which is represented
x—3 using an open circle
) = (x — z]LX/_l./s‘} . sometimes. referred to
(x—3) As long as the restriction is asa"hole in the graph
1 included, this simplified equation
fx)=x—-2,x+3 represents the same function.

The graph of f(x) is the same as the graph of y = x — 2, except that f(x)
has a point of discontinuity at (3, y). To determine the y-coordinate of
the point of discontinuity, substitute x = 3 into the simplified function

equation.

V=x—2

y=3-2 What happens when x = 3 is substituted
y=1 into the original function?

The point of discontinuity occurs at (3, 1).

Graph a line with a y-intercept of —2 and a slope of 1. Plot an open
circle on the graph at (3, 1) to indicate that the function does not
exist at that point.

y“],()) | X —5x+

ay

X—3

~

nJ

Why is the graph a
straight line when its
> equation looks quite
complex?

A
XY

N
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Why are the graphs
so different when the

equations look so similar?

l Did You Know?

In calculus, the term
“undefined” is used
for an asymptote,
while the term
“indeterminate” is
used for a point of
discontinuity.

n. )
0's undefined.

3 % is indeterminate.
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The function f(x) has a point of discontinuity at (3, 1) because the
numerator and the denominator have a common factor of x — 3. The
common factor does not affect the values of the function except at x = 3,
where f(x) does not exist.

A table of values for the function shows the behaviour of the function
near its non-permissible value x = 3:

X 25 28 29 299 2999 3 3.001 3.01 31 32 35
f(x) 05 08 09 099 0999 doesnotexist 1.001 1.01 1.1 12 15

From the table, it appears that the value of f(x) gets closer and closer to
1 as x gets closer to 3 from either side even though the function does not
exist when x is exactly 3.

Your Turn
2 _
Sketch the graph of the function f(x) = }%}{13 Analyse its

behaviour near its non-permissible value.

Example 2

Rational Functions: Points of Discontinuity Versus Asymptotes

a) Compare the behaviour of the functions f(x) = }55:722;; and
glx) = ’:;"722;’: near any non-permissible values.

b) Explain any differences.

Solution

a) Use a graphing calculator to graph the functions.

e 4Ty g1y
f1l:x:|=ﬂ
4-2x
2 x
! -6 ! - 10
. f1|:x;|=x +2%
i E\\‘S =
» -4 » -12

The non-permissible value for both functions is 2. However, the graph
on the left does not exist at (2, —1), whereas the the graph on the right
is undefined at x = 2.



X2 —2x X2 + 2Xx

Characteristic flx) = 42: Sx 9 ="7">,
Non-permissible value xX=2 xX=2
Feature at non-permissible value  point of discontinuity vertical asymptote
Behaviour near non-permissible  As x approaches 2, As x approaches 2, |y|
value v approaches —1. becomes very large.

b) To explain the differences in the behaviour of the two functions near
x = 2, factor the numerator and denominator of each function.

f(X) — x? — 2x

4 — 2x
_ X(X;l%‘y
&=
) = 3%, x # 2

f(x) has a point of discontinuity at (2, —1) because the numerator and
denominator have a common factor of x — 2.

x*+2x
8X) =T ox
_ x(x+2)
glx) = ox—2) XF2

g(x) has a vertical asymptote at x = 2 because x — 2 is a factor of the
denominator but not the numerator.

Your Turn
_X*+3x

x* — 3x
and g0 = 516

T—f—ﬁ and exp lain

Compare the functions f(x) =

any differences.

Example 3
Match Graphs and Equations for Rational Functions

Match the equation of each rational function with the most appropriate
graph. Give reasons for each choice.

x? 4+ 2x 2x + 4 2x
(x) Xt —4 ) x*+1 (x) x> —4
Graph1 } (VA Graph2 (VA | | Graph 3V4
i 4] 4l 4
1 1
T 1
2 21
+ 1
< ! < ! N ‘
-2 10 420 2 | 4 X —2lo 2 | 4 %
1
bl2] L2\ 2]
1 1
T 1
R 4 v V) \ 4
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Solution

To match the equations of the functions with their graphs, use the
locations of points of discontinuity, asymptotes, and intercepts. Write
each function in factored form to determine the factors of the numerator
and denominator and use them to predict the characteristics of each

graph.
_ X" +2x
s G+ 2)
o x(x+2
AN = 9k 2
B(x) = 2x+4
x+1
Bx) 2(x + 2)
x+1
_ 2x
Clx) = X2 — 4
_ 2X
=G 2x12
Your Turn

The graph of A(x) has
e a vertical asymptote at

x=2

e a point of discontinuity at

Y

e an x-intercept of 0
Therefore, graph 2

represents A(x).

The graph of B(x) has
e no vertical asymptotes
or points of discontinuity

* an x-intercept of —2
Therefore, graph 3

represents B(x).

The graph of C(x) has

e vertical asymptotes at
x=—-2and x =2

* no points of discontinuity

e an x-intercept of 0
Therefore, graph 1

represents C(x).

How do the factors
in the equation
reveal the features
of the graph?

How can you tell
that the graph

of B(x) will have

no points of
discontinuity or
vertical asymptotes?

How can you tell
that the graph of
C(x) will have two
vertical asymptotes
and one x-intercept,
but no points of
discontinuity?

Match the equation of each rational function with the most appropriate
graph. Explain your reasoning.

x4+ 2 x—1 x*—5x+6
Kix) = ——— L(x) = M(x) = —~———
(x) Xt —Xx—2 (x) x2—1 (x) 3—Xx
Graph 1 A YA Graph2 Graph3 fivA | 1}
EEEES EES. A ARSI
\
b A \.
[ / [ \\$
o |
o 2 ax ¢ —2/0] | 2 X | Z4a —2i0] | 2 | 4 %
s ~N
2 2
\ 1\
4 4 4
Y \ 4 Y |




Key Ideas

e The graph of a rational function

= has either a vertical asymptote or a point of discontinuity corresponding to
each of its non-permissible values

= has no vertical asymptotes or points of discontinuity
e To find any x-intercepts, points of discontinuity, and vertical asymptotes of a
rational function, analyse the numerator and denominator.
= A factor of only the numerator corresponds to an x-intercept.
= A factor of only the denominator corresponds to a vertical asymptote.
= A factor of both the numerator and the denominator corresponds to a
point of discontinuity.

e To analyse the behaviour of a function near a non-permissible value, use a
table of values or the graph, even though the function is undefined or does
not exist at the non-permissible value itself.

Check Your Understanding

Practise 2. Create a table of values for each
1. The graph of the rational function function for values near its non-
v=— X—4 i shown. permissible value. Explain hO\A'I
x*—6x+ 8 your table shows whether a point of
m Y= x+4 discontinuity or an asymptote occurs
4 °-6x+8 in each case.
_ x*—3x
2 a y="x—
< -— 5 x*—3x—10
- 22 0 p 4 6 | X b) y= x— 2
2
11\ c _3x*+4x—4
v .y )y x+4
a) Copy and complete the table to summarize d) y= 5)‘2;'#
the characteristics of the function. X= ,
3. a) Graph the functions f(x) = X—2x=3
- ___x—4 x+3
Characteristic V=123 ,
X*—6x+8 x*+2x-3
- 4 and g(x) = —+3 and analyse
Non-permissible value(s) . X +
their characteristics.
Feature exhibited at each
non-permissible value b) Explain any differences in their
Behaviour near each behaviour near non-permissible
non-permissible value values.
Domain
Range

b) Explain the behaviour at each
non-permissible value.
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4. For each function, predict the locations 6. Match the graph of each rational function

of any vertical asymptotes, points of with the most appropriate equation. Give
discontinuity, and intercepts. Then, graph reasons for each choice.
the function to verify your predictions. a) VA [
2
a) y= X* 4 4x 4
x>+ 9x + 20 / \
b 2x* — 5x — 3 554 \
Vy="g"q P .
XZ + ZX— 8 —6 —4 —2 0 2 f) X
QD y=F—" "= > \
x*—2x—28 ¢ |
2x* 4+ 7x—15 A4
D= e —
- b) * YA 4
5. Which graph matches each rational )
4
function? Explain your choices. Vi
>4
2
a) A =125 b) By = X2 ~ 1
x*+4 x? — 2x ]
X+ 2 2x S 6| -4 -2'0 > 4 | 6 | X
) Gl = XE2 ) Dl = 2 ot
A 1Z:! )|
2|\ |
*V y
—
—Z =30 2 | 4 % <) A VA A
| 14
1 \[" \
.4 , N
B * YA T ™ G
| 4 T Nz 0] 2\ 16 X
\ \i s ‘
2 \ \
- \HEI / Y
<4 =20 2 | 4 % d) ) Z [\
, / p \
\ 4 2 \
\ a4 > 4 c ‘\*
v v P .
Clel T2 of TN 4 6 (X
C VA R \
2 [ - \
. [ 4
> A —— N ’
S 4l 270 2 [ 4 % \4 A4
) 4 ,
X +x—-2
D S A= 20
> \ 2
c Xx*—5x+4
B gl = %
< \-; x*—x—2
= X 2
4 0] 4 ¢ hx) = Xz 5x+6
2 \ x*—bx+4
4+ x—12
v |y D X
) = =10
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Apply
7. Write the equation for each rational
function graphed below.

AN IS U SN DU W SO SN NP SN D W |

Y

8. Write the equation of a possible rational
function with each set of characteristics.

a) vertical asymptotes at x = +5 and
x-intercepts of —10 and 4

b) a vertical asymptote at x = —4, a

point of discontinuity at (—12—1, 9),

and an x-intercept of 8

¢) a point of discontinuity at (—2, %),

a vertical asymptote at x = 3, and an
x-intercept of —1

d) vertical asymptotes at x = 3 and

X = %, and x-intercepts of —% and 0

9. Sydney noticed that the functions

f(X)_XZ—SX—ESandg(X) x>*—5x+6

have equations that are very similar. She
assumed that their graphs would also be
very similar.

a) Predict whether or not Sydney is
correct. Give reasons for your answer.

b) Graph the functions. Explain why your
predictions were or were not accurate.

10. What rational function is shown in the graph?

11.

12.

yA

P
Y

XY

Jda 20 2 | 4
L2

Y

a) Predict the shape of the graph of

_2x* 42

T X -1

b) Use graphing technology to confirm
your prediction.

and explain your reasoning.

¢) How would the graph of each of the
following functions compare to the
one in part a)? Check using graphing

technology.
o 2x2—2 oy 2Xx2 42
Ny="o"7 W y="

A de Havilland Beaver is a small plane
that is capable of an airspeed of about
250 km/h in still air. Consider a situation
where this plane is flying 500 km from
Lake Athabasca, Saskatchewan, to Great
Slave Lake, Northwest Territories.

a) Let wrepresent the speed of the wind,
in kilometres per hour, where w is
positive for a tailwind and negative
for a headwind, and t represent the
time, in hours, it takes to fly. What
equation represents t as a function of w?
What is the non-permissible value for
the function?

b) Graph the function for a domain that
includes its non-permissible value.

¢) Explain what the behaviour of the
function for various values of w means
in this context, including near its
non-permissible value.

d) Which part(s) of your graph are
actually realistic in this situation?
Discuss this with a partner, and
explain your thoughts.

Did You Know?

Bush planes like the de Havilland Beaver have been

and still are critical to exploration and transportation
in remote areas of Northern Canada where roads do

not exist.
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13. Ryan and Kandra are kayaking near

Lowe Inlet Marine Provincial Park on
Grenville Channel, British Columbia.
The current can flow in either direction
at up to 4 km/h depending on tidal
conditions. Ryan and Kandra are capable
of kayaking steadily at 4 km/h without
the current.

a) What function relates the time, t, in
hours, it will take them to travel 4 km
along the channel as a function of the
speed, w, in kilometres per hour, of the
current? What domain is possible for w
in this context?

b) Graph the function for an appropriate
domain.

¢) Explain the behaviour of the graph for
values at and near its non-permissible
value and what the behaviour means in
this situation.

l Did You Know?

The fastest navigable tidal currents in the world,
which can have speeds of up to 30 km/h at their
peak, occur in the Nakwakto Rapids, another narrow
channel on British Columbia's coast. The name
originates from the kwakwaka'wakw language
meaning “trembling rock.”
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14.

15.

16.

Paul is a humanitarian aid worker. He uses
500p

00— p to estimate
the cost, C, in thousands of dollars, of
vaccinating p percent of the population of
the country in which he is working.

the function C(p) =

a) Predict the nature of the graph for its
non-permissible value. Give a reason for
your answer.

b) Graph the function for an appropriate
domain. Explain what the graph shows
about the situation.

¢) Do you think this is a good model for
the estimated cost of vaccinating the
population? Explain.
6378v*
125 — v?
maximum height, h, in kilometres, as
a function of the initial velocity, v, in
kilometres per second, for an object
launched upward from Earth’s surface, if
the object gets no additional propulsion
and air resistance is ignored.

a) Graph the function. What parts of the
graph are applicable to this situation?

The function h(v) = gives the

b) Explain what the graph indicates about
how the maximum height is affected by
the initial velocity.

¢) The term escape velocity refers to
the initial speed required to break
free of a gravitational field. Describe
the nature of the graph for its
non-permissible value, and explain
why it represents the escape velocity
for the object.

Determine the equation of the rational
function shown without using technology.

N

<

Y

i
|}
]
1
]
t
)
]
1
]
t
)
]
1
]
t
)

I\



17. A convex lens focuses light rays from an

object to create an image, as shown in the
diagram. The image distance, I, is related
to the object distance, b, by the function

I= i, where the focal length, f, is a

constant for the particular lens used based
on its specific curvature. When the object
is placed closer to the lens than the focal
length of the lens, an image is perceived
to be behind the lens and is called a
virtual image.

focal length of lens
B BE——

> >

object distance image distance

a) Graph I as a function of b for a lens
with a focal length of 4 cm.

b) How does the location of the image
change as the values of b change?

¢) What type of behaviour does the graph
exhibit for its non-permissible value?
How is this connected to the situation?

l Did You Know?

The image in your bathroom mirror is a virtual
image—you perceive the image to be behind the
mirror, even though the light rays do not actually
travel or focus behind the mirror. You cannot project
a virtual image on a screen. The study of images of
objects using lenses and mirrors is part of a branch
of physics called optics.

X+ a

18. Consider the functi = ,
onsider the functions f(x) <+ b

x+a

G+ bicr o

X) = —(();—:_ Z))((};—:_ Z)) , where a, b, and ¢

are different real numbers.

a) Which pair of functions do you think
will have graphs that appear to be
most similar to each other? Explain
your choice.

glx) =

b) What common characteristics will all
three graphs have? Give reasons for
your answer.

2
19. If the function y = X+bx+c

4x*+29x+c¢
b and c are real numbers, has a point

, where

of discontinuity at (—8, %), where

does it have x-intercept(s) and vertical
asymptote(s), if any?

Extend

2 __
20. Given f(x) = 2X —4X__ what is
Xx*+ 3x— 28

the equation of y = %f[—(x —3)]in
simplest form?

21. Write the equation of the rational
function shown in each graph. Leave
your answers in factored form.

a) VA i

4
4

ol A

XY

\-h
nJ

b) VA

L
|
n B
—~
T ——

A
XY

nJ
T~
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_x*+4

22. The functions f(x) = 7 and
x*—4 .
glx) = 14 are reciprocals of each other.

That is, f(x) = —L_and vice versa. Graph

g(x)
the two functions on the same set of axes
and explain how the shapes of the graphs
support this fact.

23. Predict the location of any asymptotes and
points of discontinuity for each function. Then,
use technology to check your predictions.

_X+2 5
VY= it xr2

—7x? —
b)y:2X3 7x* — 15x

x> —x—-20
Create Connections

C1 Jeremy was absent the day his math class
started learning about rational functions.
His friend Rohan tells him that rational
functions are functions that have asymptotes
and points of discontinuity, but Jeremy is not
sure what he means.

a) Jeremy takes Rohan’s statement to
mean that all rational functions have
asymptotes and points of discontinuity.
Is this statement true? Explain using
several examples.

Project Corner

° o0 e 0000000000000 00 ° o0

Create a video or slide presentation that demonstrates your

understanding of a topic in Unit 4.

e Once you have chosen a topic, write a script for your

b) How would you elaborate on Rohan’s
explanation about what rational functions
are to make it more clear for Jeremy?

C2 Consider the statement, “All
polynomial functions are rational
functions.” Is this statement true?
Explain your thinking.

Cc3 MIN] LAB Graphs of rational functions
can take on many shapes with a variety
of features. Work with a partner to
create your own classification system for

rational functions.

Step 1 Use technology to create graphs for
rational functions. Try creating graphs
with as many different general shapes
as you can by starting with a variety of
types of equations. How many different
general shapes can you create?

Step 2 Group the rational functions you
have created into categories or
classes. Consider the types of
features, aspects, and symmetries
that the various graphs exhibit.

Step 3 Create a descriptive name for each
of your categories.

Step 4 For each category, describe an
example function, including its
equation and graph.

Visual Presentation

movie or outline for your slide presentation.

e If you are making a video, choose your presenter and/or
cast and the location. Prepare any materials needed and
rehearse your presentation. Film your movie, edit it,
add sound, and create the title and credits.

e If you are making a slide presentation, collect or make
any digital images that you need; create title, contents,
and credits slides; add sound or music; and test the
presentation.
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Connecting Graphs and
Rational Equations

Focus on...

e relating the roots of rational equations to the x-intercepts of the graphs of
rational functions

e determining approximate solutions to rational equations graphically

A wide range of illnesses and medical conditions can be
effectively treated with various medications. Pharmacists,
doctors, and other medical professionals need to understand
how the level of medication in a patient’s bloodstream
changes after its administration. For example, they may
need to know when the level will drop to a certain point.
How might they predict when this will occur?

Did You Know?

Only a small fraction of the amount of many medications taken orally actually makes it
into the bloodstream. The ratio of the amount of a medication in a patient's bloodstream
to the amount given to the patient is called its bioavailability.

Investigate Solving Rational Equations

~ Work with a partner. Materials
A: Determine Medication Levels * graphing technology
1. The function C(t) = % models the bloodstream concentration,

C, in milligrams per decilitre (mg/dL), of a certain medication as a
function of the time, ¢, in hours, since it was taken orally.

a) Graph the function for a reasonable domain.
b) What does the graph show about the situation?

2. A doctor needs to know when a patient’s bloodstream concentration
drops to 10 mg/dL.

a) Why might a doctor need to know this?

b) Brainstorm a list of possible methods you could use to determine
the length of time it will take.

¢) Use at least two of the methods you came up with to determine the
length of time. Explain the steps required in each of your methods.

d) Share your solution methods with other pairs in your class. Are
your methods similar? Explain.
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Reflect and Respond

3. What are the strengths of each method you used? Which one do you
prefer? Why?

B: Solve a Rational Equation Graphically and Algebraically

X+
X_

=Xx— 6.

Consider the rational equation

4. How can you solve the equation algebraically? Write a step-by-step
algebraic solution, including an explanation of each step. Is there a
restriction on the value of x?

5. How can you solve the equation graphically? Discuss possible
methods with your partner, and then choose one and use it to solve
the equation. Explain your process.

Reflect and Respond

6. Which method of solving this equation do you prefer, the algebraic
approach or the graphical one? Give reasons for your choice.

Link the Ideas

458 MHR ¢ Chapter 9

Just as with many other types of equations, rational equations can be
solved algebraically or graphically. Solving rational equations using

an algebraic approach will sometimes result in extraneous roots. For
. . . 8 _ 1
example, an algebraic solution to the equation “_16 " 1=+"4

results in x-values of —3 and 4. Why is x = 4 not a valid solution?

Solving a rational equation graphically involves using technology to
graph the corresponding rational function and identify the x-intercepts
of the graph. The x-intercepts of the graph of the corresponding function
give the roots of the equation.

For example, a graphical solution to the equation %16 +1=< 1 3
X2 — —
shows one solution, x = —3.
567 Ty
] I —
x2-16 x4 Note that the extraneous solution
! p ————————— of x = 4, which was determined
—10 EXE 10 algebraically, is not observed when
' solving the equation graphically.
» =567




Example 1
Relate Roots and x-Intercepts

a) Determine the roots of the rational equation x + XL-I-Z -5=0
algebraically.
b) Graph the rational function y = x + % — 5 and determine the

x-intercepts.
¢) What is the connection between the roots of the equation and the
x-intercepts of the graph of the function?

Solution

a) Identify any restrictions on the variable before solving. The solution
cannot be a non-permissible value. This equation has a single
non-permissible value of —2.

To solve the rational equation algebraically, multiply each term
in the equation by the lowest common denominator and then

solve for x.
6 _
Xt x4z 270
6 _
(x + 2)(X+ - 5) = (x + 2)(0)

(X+mkhd&;ﬂ&£§)—k+2m3=0

1
x*+2x+6—-5x—10=0
x*—3x—4=0
x+1)x—4)=0
x+1=0 o x—-—4=0
x=-1 x=4
Neither —1 nor 4 is a non-permissible value of the original equation.

Check:
For x = —1, For x = 4,
Left Side Right Side Left Side Right Side
6 6
_ 6 _ — 6 _
- 1+_1+2 5 _4+4+z o
=—-1+6-5 =441-5
Left Side = Right Side Left Side = Right Side
The equation has two roots or solutions, x = —1 and x = 4.
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b) Use a graphing calculator \.5 5

to graph the function

6 X
y:X+X—_i_2—5and -0 (—1,0) £ (4,0) 16
determine the x-intercepts. et % "

x+

The function has x-intercepts at
(=1, 0) and (4, 0).

¢) The value of the function is 0 when the value of x is —1 or 4. The
x-intercepts of the graph of the corresponding function are the roots
of the equation.

Your Turn

a) Determine the roots of the equation % — x+ 5 = 0 algebraically.

b) Determine the x-intercepts of the graph of the corresponding function

)

y:%—xﬁ-S.

Explain the connection between the roots of the equation and the
x-intercepts of the graph of the corresponding function.

Example 2

Determine Approximate Solutions for Rational Equations

a) Solve the equation

x*—3x—7
3 —2x
answer to the nearest hundredth.

= x — 1 graphically. Express your

b) Verify your solution algebraically.

Solution

a) Method 1: Use a Single Function

Rearrange the rational equation so that one side is equal to zero:
x*—-3x—-7
3 —2x

2 _ 3x —
X73EX2X7—X+1=0

=x-1

Graph the corresponding function, T
_x*—3x—7

Y= T o

determine the x-intercept(s) of !

—x+1,and

the graph. ~(-0.4305,0)%

The solution to the equation
is x =~ —0.43 and x = 3.10. [Py




b)

Method 2: Use a System of Two Functions
Write a function that corresponds to each side of the equation.
x*-3x—-7

R
y,=x-1
Use graphing technology to oy
graph these functions and Rt
determine the value(s) of x at /

. . . ; [ 3.097,2.007)
the point(s) of intersection, or = = 2
where y, = y,. {+0.4305,-1.431]
The solution to the equation is f1(x)=x2—3-x—?
x ~ —0.43 and x = 3.10. e

» =S

Determine any restrictions on the variable in this equation. To

determine non-permissible values, set the denominator equal to zero
and solve.
3—2x=0
x=1.5
The non-permissible value is x = 1.5.

Solve the equation by multiplying both sides by 3 — 2x:
x*—3x—7

3—2x <!
1 2 _
(329X 2X=7 = (3 - 2x)(x - 1)

1
x*—3x—7=3x—3—-2x*+2x
3x*—-8x—-4=0

—b +1 /bz — 4ac Why is the quadratic formula
X = — 20 required here?
_ —(=8) £V/(—8)* — 4(3)(—4)
X =
2(3)
8 +Vv112
X=—""
6
8 +4/7
X=——">
6
4+ 27
X=——"
3
X = M T X = M How can you tell if either of
3 3 these roots is extraneous?
x = —0.4305... x = 3.0971...
x = —0.43 x =~ 3.10

The algebraic method gives an exact solution. The approximate values
obtained algebraically, x ~ —0.43 and x =~ 3.10, are the same as the
values obtained graphically.

9.3 Connecting Graphs and Rational Equations e MHR 461



The curves appear to meet
at the top and bottom of
the graphing calculator
screen. Do these represent
points of intersection?
Explain.
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Your Turn
. 3x 1+ 4x— x*
a) Solve the equation 2 — 5 = ax 10

answer to the nearest hundredth.
b) Verify your solution algebraically.

graphically. Express your

Example 3

Solve a Rational Equation With an Extraneous Root

_8x+15

+t2X= 0110

a) Solve the equation
graphically.

X .
%15 algebraically and

b) Compare the solutions found using each method.

Solution

a) Factor the denominators to determine the non-permissible values.

X 4 ox = 8x + 15
2x+5 2(2x + 5)

The equation has one non-permissible value of —%.

Multiply both sides of the equation by the lowest common
denominator, 2(2x + 5).

2(2x + 5)(2X’i =+ 2x) = 2(2x + 5)(%)
2@»¥mb;;g+aux+mmm=zer%mgg;£%)

1 1

2x 4+ 8x* 4+ 20x =8x+ 15
8x*+14x—-15=0
(2x+5)4x—-3)=0
2x+5=0 or 4x—-3=0
__5b .3
) T4
However, —% is a non-permissible value for the original equation. It is
an extraneous root and must be rejected.

Therefore, the solution is x = %

To solve the equation graphically, use two functions to represent the
two sides of the equation.

= X 3Ty
Y 2Xx+5 +2x J_Bx+1s
_8x+15 = (675 1.615)

Y27 ax+ 10 ]

=12 1 i
f1 l:x)= X _ iox
2x+5

The graphs of the two functions
intersect when x is 0.75.

The solution to the equation is

— 3
x = 0.75, or z



b) The solutions obtained by both methods are the same. For this
equation, the algebraic solution produced two values, one of which
was rejected because it was extraneous. The graphical solution did not
produce the extraneous root. There is only one point of intersection
on the graph of the two functions.

Your Turn

xX+3 _ X
2x—6 X7 3-x
b) Compare the solutions found using each method.

a) Solve the equation algebraically and graphically.

Example 4

Solve a Problem Using a Rational Equation

In basketball, a player’s free-throw — —v" “N— l Did You Know?
percentage is given by dividing

Basketball is one
of the sports

the total number of successful

free-throw baskets by the total
number of attempts. So far this
year, Larry has attempted

19 free-throws and has been
successful on 12 of them. If he is
successful on every attempt from
now on, how many more
free-throws does he need to
attempt before his free-throw
percentage is 80%?

Solution

Let x represent the number of
free-throws Larry takes from
now on.

Let P represent Larry’s new free-
throw percentage, as a decimal.

competitions included
in the Canadian
Francophone Games.
The Canadian
Francophone Games
gives French speaking
youth from across
Canada a chance to
demonstrate their
talents in the areas
of art, leadership, and
sports.

__ successes
~ attempts
12 + x Why is x used in both the
T 19+ x numerator and the denominator?

Since the number of free-throws is discrete data, the continuous model is
only valid in the domain {x | x € W}.
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Determine the value of x when P is 80%, or 0.8. Substitute 0.8 for P and
solve the resulting equation.

12 + x

P =
19+ x
_ 12+ x
0.8 = 19 + x

Method 1: Solve Graphically
Graph two functions and determine the point of intersection.

_ 124+ x
T
y,=0.8
1Ty f2(x)=0.8
[16,0.8)
[ .
/ Flxc)= 12+x
b 19+x What domain is
appropriate for
o4 this situation?
X
-5 5 30
w05

Larry will have a free-throw percentage of 80% after 16 more free-throw
attempts if he is successful on all of them.

Method 2: Solve Algebraically
Multiply both sides of the equation by 19 + x:

_12+x Is there a non-permissible
0.8 =
19 + x value of x for this
12 + x 1 situation? Explain.
0.8(19 + x) =
(19 + x) M(W)
1
15.2+0.8x =12 +x
3.2 =0.2x
x =16

Larry will have a free-throw percentage of 80% after 16 more free-throw
attempts if he is successful on all of them.

Your Turn

Megan and her friends are organizing a fundraiser for the local children’s
hospital. They are asking local businesses to each donate a door prize. So
far, they have asked nine businesses, but only one has donated a prize.
Their goal was to have three quarters of the businesses donate. If they
succeed in getting every business to donate a prize from now on, how
many more businesses do they need to ask to reach their goal?



Key Ideas

@ You can solve rational equations algebraically or graphically.

e The solutions or roots of a rational equation are equivalent to the x-intercepts
of the graph of the corresponding rational function. You can use either of the
following methods to solve rational equations graphically:

= Manipulate the equation so that one side is equal to zero; then, graph the
corresponding function and identify the value(s) of the x-intercept(s).

= Graph a system of functions that corresponds to the expressions on both sides
of the equal sign; then, identify the value(s) of x at the point(s) of intersection.

e When solving rational equations algebraically, remember to check for extraneous
roots and to verify that the solution does not include any non-permissible values.

Check Your Understanding

Practise

1. Match each equation to the single function

that can be used to solve it graphically.

a T +6=x
b) 6—X=Xf2+z
) 6—X—f2=X—2
d)x+6=Xf2
A y=Xf2+X—8

B y:sz—X+6

C y:sz—X—G

D y:sz

2. a) Determine the roots of the rational

+x—4

equation —% + x+ 1 = 0 algebraically.

b) Graph the rational function
y= —% + x + 1 and determine
the x-intercepts.

¢) Explain the connection between
the roots of the equation and the

x-intercepts of the graph of the function.

3. Solve each equation algebraically.

a) 3x5-t4:

b) 2220}—{3){
c) Xizzzx—ﬁ
d 1+§:X-)+{-3

. Use a graphical method to solve each

equation. Then, use another method to
verify your solution.

a) %—4=X+3

10x
2x =

b) 2x 2x—1
2 _

g BHax—15 _,
X+ 3

3 _ x? — 4x

) 5x—7 Tx¥x=1+5 %
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5. Determine the approximate solution to
each rational equation graphically, to
the nearest hundredth. Then, solve the
equation algebraically.

2 _
b)XziD; 5=X+3
2 7X
) =3 P
5 x+1
2 Y -1 _
d 2+ + 3 X

6. Solve each equation algebraically and
graphically. Compare the solutions
found using each method.

3x _xXx+4
a) X—2+5X_X—2
_3x*+14x+ 8
b) 2X+3——X+4
6x _2x*
) X_3+3X—X_3 5
2x — 1 X
9 e_x T x-1
Apply
7. Yunah is solving the equation
2
24X -1 graphically. She

x—1 x-—1

uses the following steps and then
enters the resulting function into her
graphing calculator.

XR

E
2+x—l—x—l
Ax =)+ =
Ax-D+x-1=0

Enter ¥, = Ak = 1) +x* = | and £ind the x=intercepts.

sty

>

f1 [:x:l=2-|:x—1:]+x2—1

» T

Is her approach correct? Explain.
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10.

11.

. Determine the solution to the

.o2x+1_ 2 3.
equation x—1 x32 2 using
two different methods.
. 1 X
. Solve the equation 2 x+2-"x+2 " 1

algebraically and graphically, and explain
how the results of both methods verify
each other.

The intensity, I, of light, in watts per
square metre (W/m?), at a distance, d, in
metres, from the point source is given

LZ, where P is the

4rd

average power of the source, in watts.
How far away from a 500-W light source is
intensity 5 W/m??

by the formula I =

A researcher is studying the effects of
caffeine on the body. As part of her
research, she monitors the levels of
caffeine in a person’s bloodstream over
time after drinking coffee. The function

50t
c=-—29
(@) 1.2t2 4+ 5

caffeine in one particular person’s
bloodstream, where ¢ is the time, in hours,
since drinking the coffee and C(t) is the
person’s bloodstream concentration of
caffeine, in milligrams per litre. How long
after drinking coffee has the person’s level
dropped to 2 mg/L?

models the level of




12.

13.

14.

The time it takes for two people working
together to complete a job is given by the

ab
a+b
times it takes for the two people to complete

the same job individually. Sarah can set up
the auditorium for an assembly in 30 min,
but when she works with James they can
set it up in 10 min. How long would it take
James to set it up by himself?

formula T = , where a and b are the

In hockey, a player’s shooting percentage
is given by dividing the player’s total goals
scored by the player’s total shots taken on
goal. So far this season, Rachel has taken
28 shots on net but scored only 2 goals.
She has set a target of achieving a 30%
shooting percentage this season.

a) Write a function for Rachel’s shooting
percentage if x represents the number
of shots she takes from now on and she
scores on half of them.

b) How many more shots will it take for
her to bring her shooting percentage up
to her target?

The coefficient, C, in parts per million per

kelvin, of thermal expansion for copper

at a temperature, T, in kelvins, can be

modelled with the function
21.2T*—877T + 9150

C) = 25,67 + 760

a) For what temperature is C(T) = 15
according to this model?

b) By how many kelvins does the
temperature have to increase for
copper’s coefficient of thermal
expansion to increase from 10 to 177

l Did You Know?

Most materials expand as the temperature increases,
but not all in the same way. The coefficient of
thermal expansion (CTE) for a given material is a
measure of how much it will expand for each degree
of temperature change as it is heated up. The higher
the CTE, the more the material will expand per unit of
temperature. A material's CTE value does not remain
constant, but varies based on temperature. It is a ratio
per unit of temperature, with units such as parts per
million per kelvin or percent per degree Celsius. One
part per million is equivalent to 0.0001%.

Extend

15.

16.

17.

Solution A has a concentration of

0.05 g/mL and solution B has a
concentration of 0.01 g/mL. You start
with 200 mL of solution A, and pour in
x millilitres of solution B.

a) Write an equation for the concentration,
C(x), of the solution after x millilitres
have been added.

b) You need to make a solution with a
concentration of 0.023 g/mL. How
can you use your function equation
to determine how many millilitres
need to be added?

Solve the equation —~— — 3 = 5X + x
! X+

2 x*—4
graphically and algebraically.
Solve each inequality.
x—18
A -1 =
5 o 2x + 17

b) x—2~ XxX+6

Create Connections

C1

c2

(&)

Connor tells Brian that rational
equations will always have at least

one solution. Is this correct? Use a
graphical approach and support your
answer with examples.

3x 6
+2 T x+2
and the radical equation x =vx + 6

both have an extraneous root. Compare
and contrast why they occur in each of
these equations and how they can be
identified when solving.

The rational equation .

Which method for solving a rational
equation do you prefer to use: graphical,
algebraic, or a combination of both?
Discuss with a partner, and give reasons
for your choice.
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Chapter 9 Review

9.1 Exploring Rational Functions Using
Transformations, pages 430-445

9.2 Analysing Rational Functions,
pages 446-456

1. Sketch the graph of each function using 5. Graph and analyse each function,

transformations. Identify the domain and
range, intercepts, and asymptotes.

including the behaviour near any
non-permissible values.

_ _x*+2x
_3 2 — 16
b)y—§+2 b)y:X
x—4
_ 12 Ay

2. Graph each function, and identify any
asymptotes and intercepts.
X

. Which rational function matches each

graph? Give reasons for your choices.

A y= - x—4
§X++25 AX) x> —5x+4

P) V=% Bx) = X +5x+4

x*+1
xX—6 C(x) = e
3. Graph the functions f(x) = %,
glx) = (XE 3)2 + 2, and
h(x) = WA)LH-SB Compare the

characteristics of the graphs and
identify any common features.

4. A baseball league is planning to order new
uniforms from a company that will charge
$500 plus $35 per uniform.

a) Represent the average cost per uniform
for the company as a function of the
number of uniforms ordered using an
equation and a graph.

b) Identify key features of the graph and
explain what the graph shows about how
the average cost changes for different
numbers of uniforms ordered.

¢) The league needs to keep the cost per
uniform at $40. How many uniforms
does it have to order?
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7. A company uses the function
40 000p
CP)=T00=0 D
cleaning up a hazardous spill, where
C is the cost, in dollars, and p is the
percent of the spill that is cleaned up.

to estimate the cost of

a) Graph the function for a domain
applicable to the situation.

b) What does the shape of the graph show
about the situation?

¢) According to this model, is it possible
to clean up the spill entirely? Justify
your answer in terms of the features of
the graph.

l Did You Know?

Environment Canada responds to approximately
1000 hazardous spills each year. Given the location
and quantity and type of substance spilled, the
scientists from Environment Canada’s National Spill
Modelling Team run spill models. Spill modelling
helps to minimize the environmental impact of
spills involving hazardous substances and provides
emergency teams with critical information.

9.3 Connecting Graphs and Rational
Equations, pages 457-467

8. a) Determine the roots of the rational

. 4 _
equatlonX+X_2 7=0

algebraically.

b) Graph the rational function
y=x+ ﬁ — 7 and determine
the x-intercepts.

¢) Explain the connection between
the roots of the equation and the

x-intercepts of the graph of the function.

10.

11.

9.

Determine the solution to each equation
graphically, and then verify algebraically.
_ 33
a) x—8= X
x—10 _ _
b) k=7 =X
_3x—-1
) x= X712 + 3
13 —4x
d) 2x+1 = ~_5
Solve each equation graphically, to the
nearest hundredth.
x—4
A 5ok =3
_ X
b) 1.2x = X167 + 3.9
_5x+4
€ 3x+2= ~+1
x*—2x—-8 _1_
d x+2 4% 2

The lever system shown is used to lift

a mass of m kilograms on a cable with

a constant force applied 0.4 m from the
fulcrum. The maximum mass that can

be lifted depends on the position, d, in
metres, of the mass along the lever and is

. 20
given by the formula m = d+04
lifting force
A
04m d

&

3m
ulcrum @

a) What is the domain in this situation if
the mass can be positioned at any point
along the 3-m-long lever?

b) Graph the function. What does it show
about this context?

¢) Describe the behaviour of the function
for its non-permissible value, and
explain what the behaviour means in
this situation.

d) How far from the fulcrum can the lever

support a maximum possible mass of
17.5 kg?
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B Chapter 9 Practice Test <

Multiple Choice 4. The roots of 5 — x = 2XX+—23

determined using which of the following?

can be

For #1 to #6, choose the best answer.
A the x-coordinates of the points of

1. Which function has a vertical asymptote x4 2

at x = 27 intersection of y = 5% —3 andy=x—5
x—2 x4+ 2 . .
A y=== B y="+% B the x-intercepts of the function
X X - X+2 +x—-5
cy:X—Z Dy:X+2 ZX_S' .
- 9x C the x-coordinates of the points of
2. Which graph represents y = ———==—71
gtapa rep Y= X% “5x+6 intersection of y = ZX;—_Z?) andy=x+5
A B
7 S 78 i D the x-intercepts of the function
4 \ 4 y=2*r2 _x45
4 4 2x —3
S S N 5. Which function is equivalent to
- =~ [ [C ™ _6x—5,
= = > X470
S 200 » 4 x| "o \2 !4 | 6 X 37 _ 37
5 \ 5 Ay—X+7+6 B y= X+7+6
__47 _ 47
4 4 \\ V=x4+7 16 Dy=-3777+6
v v ) 6. Which statement about the function
C D y= Xz}i " is true?
iz A YA A A It has an x-intercept of 0.
4 \ 4 B It has a y-intercept of 0.
2 > A C It has a point of discontinuity at (0, —1).
R ™
~ ™ R D It has a vertical asymptote at x = 0.
RSP » |4 X [ Tlo[\2 |46 X
gl SER Short Answer
\ - _
4 _— =
4 4 \ 7. Solve the equation x — 6 1
\ A ) 4 Y graphically and algebraically.
3. Which statement is true about the function 8. a) Sketch the graph of the function
—__4 5 - __6 _
y= x—2° Y xX+4 3
A As x approaches —2, |y| becomes very b) Identify the domain and range, and
large. state the locations of any asymptotes
B As |x| becomes very large, y and intercepts.
approaches —4. 9. Determine the approximate solution(s) to
C As x approaches 2, |y| becomes very % +4 = X42— 71 graphically. Give your
large. answer(s) to two decimal places.
D As |x| becomes very large, y 10. a) Sketch the graph of the function
approaches 4. X2 _2x—8
Y= x4

b) Explain the behaviour of the function for
values of x near its non-permissible value.
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11. Predict the locations of any vertical 14. Alex solved the equation
asymptotes, points of discontinuity, and x* S—2= 3X —22 algebraically and
. . 2x* + 7x — 4 X X :
intercepts for the function y = rx—12 " found a solution that consisted of two

Give a reason for each prediction. different values of x.

a) Solve the equation algebraically
and explain what is incorrect about
Alex’s result.

12. Match each rational function to its graph.
Give reasons for each choice.
_ x*—9x . x?
3) AlX) =" b) Blx) = x*—9 b) Use a graphical approach to solve the
0 Clx) = x2 - 9 d) D(x) = — X2 problem. Explain how this method can
X X' —9x help you avoid the error that Alex made.

A 1 Iz [\ 15. Jennifer is preparing for a golf tournament
/ 2 \ by practising her putting. So far she has
been successful on 10 out of 31 putts.

Xy ¥

a) If she tries x putts from now on and she is
successful on half of them, what equation
represents A, her overall average putting

Iz success rate as a function of x?

~—
«

N O

AL

b) Use a graphical approach to determine
/ how many putts it will take before her
average is up to 40%.

5 Al

A

KN
T

®

’ 16. Jarek lives 20 km upstream from his friend
Edward on a river in which the water

¢ m \ flows at 4 km/h. If Jarek travels by boat to
Edward’s house and back again, the total

time, t, in hours, for the round trip is given
40v

v’ — 16

boat’s speed, in kilometres per hour.

w

¥ Y

, where v is the

by the function t =

w
/
d

A
XY

w

[@)]

Jarek's Edward’s
house house

a) What is the domain if Jarek makes the
complete round trip? Explain.

({s]

Extended Response b) Graph the function and explain what it

) shows about the situation.
13. Compare the graphs of the functions

c¢) Explain what the behaviour of the

T ix’_9g T A+ 9 function near its non-permissible value
Explain any significant differences in represents in this context.
the graphs by comparing the function d) What boat speed does Jarek need to
equations. keep the trip to 45 min each way?
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